Abstract-We develop a statistical mechanical theory of charge storage in quasi-single-file ionophilic nanopores with pure room temperature ionic liquid cations and anions of different size. The theory is mapped to an extension of the Ising model exploited earlier for the case of cations and anions of the same size. We calculate the differential capacitance and the stored energy density per unit surface area of the pore. Both show asymmetry in the dependence on electrode potential with respect to the potential of zero charge, related to the difference in the size of the ions, which will be interesting to investigate experimentally. It also approves the increase of charge storage capacity via obstructed charging, which in these systems emerges for charging nanopores with smaller ions.
INTRODUCTION
Current progress in nanotechnology challenges researchers working in energy conversion to fabricate and examine ultra-nanoporous electrodes, in which pores can accommodate just one row or one layer of ions. Going to such extremes is driven by several reasons. The capacitance of electrochemical capacitors scales with the area of the interface between the electrode and electrolyte: the larger the area, the larger the capacitance. But the smaller the pores in the electrode, the greater the surface to volume ratio, and this is why supercapacitors tend to use nanoporous electrodes. However recently it was found experimentally that the capacitance of ultra-narrow pores such as measured per unit surface area, independently determined with porosimetry, also increases with decreasing the pore size, until the pores are so small that the ions cannot enter them. This phenomenon, observed in the reports of the groups of Simon and Gogotsi [1, 2] , and Beguin [3] , has attracted much attention and been given the name the anomalous capacitance. Reference [4] was first to suggest an effectivemedium-theory that rationalized this effect; the predictions of this theory have been systematically explored and verified with computer simulations [5] . The physical explanation of the Beguin-GogotsiSimon effect proposed in these papers was related to the screening of Coulomb interactions between ions inside the pores of electronically conducting materials.
The Coulombic interactions between ions are exponentially screened in both cylindrical and slit pores due to interactions of ionic charges with their images (for details see [6] ). Analytical expressions exist that describe this screening if we consider the electrode as an ideal meal. Importantly the screening length suggested by these expressions is much less than the diameter of the pore. If the diameter of a cylindrical pore or the width of a slit pore is , then the screening length of a cylindrical pore is D/4.8, and in a slit pore it is D/π. The electrostatic interactions decay faster in a cylindrical pore as ionic charge in the pore is surrounded by the conducting medium from all sides. The smaller the diameter or width of the pore the stronger the screening becomes and the easier it is to pack ions of the same sign in the pore as well as uncouple cation-anion pairs, both of which amplify the capacitance.
There were other interesting predictions of the theory concerning the potential dependence of capaci-1 This paper is the authors' contribution to the special issue of Russian Journal of Electrochemistry dedicated to the 100th anniversary of the birth of the outstanding Soviet electrochemist Veniamin G. Levich. 2 The article is published in the original.
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tance, saturation effects and optimization of energy storage, but yet only some of them have been directly verified experimentally [7] . Although the physics of the predicted effects was very clear, the theory was of a mean-field kind, and it made sense to formulate and explore exactly solvable models of statistical mechanics. In this respect, the importance of pre-factors (1/4.8) and (1/π) cannot be exaggerated. If the pore size is just large enough to accommodate a single row/layer of ions in a cylindrical/slit pore, then, geometrically, the distance of closest approach of two adjacent ions will be approximately the diameter of the pore. As the range of electrostatic interactions of ions in such a pore is several times (π or 4.8) shorter than the distance of closest approach, adjacent ions will interact with each other weakly, while the next neighbor interactions can be safely neglected.
This fact stimulated the proposal of a very simple, quasi-one-dimensional model of charge storage [8] in ultra-narrow pores. This model considered only nearest neighbour interactions, resulting in a description corresponding to the one-dimensional Ising Model [9] [10] [11] , an exactly solvable model of statistical mechanics. It provided simple expressions for both the average charge in the polarized pore and for the differential capacitance per unit surface area of the pore [8] .
In the following, we will focus on the statics, i.e. the equilibrium features of charge-storage in pores. However, one may wonder about the kinetics [12] [13] [14] of charging, i.e. how do such pores get charged and discharged, and in particular, how do cations and anions bypass each other when re-assembling inside a 'single file' pore in response to the change of electrode polarization? Experimentally, imperfections in the electrode, undulations of the walls, and reorientation of ions will help cations and anions to sidestep each other, making such pores rechargeable. In that sense, single-file models are simply useful idealizations. The model used in the following does not involve any kinetics, the inclusion of which would have required additional physical considerations and corresponding kinetic parameters (see, e.g. [12] [13] [14] ).
The mapping of a charge storage problem to a twostate Ising model of statistical mechanics is possible only for ionophilic pores wetted with ionic liquid: these pores are always densely filled with ions even when the electrode is not polarized. The more general case of a pore containing voids or filled with solvent molecules can be treated using a more involved three-state model [15] . However, NMR spectral data of the group of C. Grey [16, 17] suggested that most of the pores in carbon or purely metallic materials are ionophilic, unless they are specially treated to make them ionophobic. Thus, in many cases the assumption of pore ionopilicity may be a reasonable one.
The cations and anions of the ionic liquid filling a pore cannot generally be expected to be of equal size. In the present work we therefore develop an extension of the model of Ref. [8] that includes this asymmetry. The goal of this study is to reveal the effect of such an extension on stored charge and differential capacitance as a function of electrode potential. We formulate and explore a statistical-mechanical model, in which the distances between the neighbouring ions will, as they should, depend on the neighbouring species of ions. Following earlier reports [15, 18] , we will calculate the energy that can be stored in the pore to determine the advantages and disadvantages of using cations and anions of different size. Of course, ions aa + that have different size also have a different chemical composition and thus may interact differently with the electrode. While the model will, generally, include that effect, we will not investigate it simultaneously with the effect of size asymmetry.
Quasi-single file models of charge storage are somewhat ahead of experiments, as fabrication of electrodes with monodisperse ultra-narrow nanopores is still in its infancy. However, significant progress in this direction is expected, and our work is intended to provide a motivation and guidance for such developments.
THE STATISTICAL MECHANICAL THEORY BASED ON THE ISING MODEL WITH ASYMMETRIC COUPLING CONSTANTS
2.1. The Model Interaction energy between two neighbouring ions separated by center-to-centre distance a in the centre of a cylindrical, ideally metallic, pore of diameter D (Fig. 1) , presented in the unites of thermal energy of , reads [6, 8] (
where is the Bjerrum length in vacuum, nm at room temperature and ε is the effective dielectric constant of the pore interior due to the electronic polarizability of ions (≈2). In principle there could be some additional contribution due to vibrational modes, but rather yet at substantial presence in the pore of both cations and inions, i.e. when the electrode is not strongly polarized. If introduced, it will make the interionic interactions even smaller. We will not complicate our model by introducing this effect, the details of which we poorly know.
Mapping on the Ising model proceeds as follows. We introduce as the value of 'spin' on the lattice site i which is assigned to be +1 if the site is occupied by cation, or -1 if by anion, and is the mean value of spin, averaged over all lattice. We then write the Hamiltoninan of the system as (2) The summation in the first term runs only over nearest neigbour ions because the electrostatic interactions of ions in the metallic nanogap are exponentially screened, and the coupling constant is the absolute value of the interaction energy between such ions, again given in units.
[Using the language of the theory of magnetism, from which these Hamiltonians originate, , i.e. the coupling is 'antiferromagnetic', because nonpolarized electrode neighboring sites will tend to be occupied by ions of opposite sign.] is the electrostatic potential energy (given in the units of ) of a 'lone' cation in the equipotential pore interior relative to its value in the electroneutral bulk of ionic liquid away from the electrode. stands for the value of the nonelectrostatic part of the free energy of transfer of anion from the bulk of the liquid into the interior of the pore minus the same quantity for the cations. The inclusion of this term effectively takes into account specific adsorption:
will correspond to the preferential population of a nonpolarized pore with anions, with cations; correspond to no preference (no specific adsorption).
Taking into account Eq. (1), the ion asymmetry is incorporated into the theory by allowing the electrostatic coupling be dependent on the sort of the interacting ions. Note we deal here not with constant as in the classical Ising model, but with , which is now a function of s i and s j , via (3) where and are the distances of the closest approach of cations and anions.
Introducing our Hamiltonian, H, and partition function, Z, could be written as (4) We address reader's attention that that the coupling constant is standing inside the summation over nearest neighbours; in this sense this model differs from the simplest version of the Ising model used in Ref. [8] . In the same way as assumed there, to apply this model, the pores considered must be much longer than the average size of the ions. In nanostructure electrodes they can be microns long [19] .
, . 
Exact Solution
The partition function is calculated using the standard transfer-matrix method of statistical mechanics [9] [10] [11] . For the Hamiltonian (4), the transfer matrix reads (5) The eigenvalues, of these matrix are (6) In the thermodynamic limit the partition function is determined by the largest of these eigenvalues, . Once the partition function is computed the free energy, average 'spin' and 'susceptibility' of the pore can be obtained from via
Once the mean value of 'spin' is known the average (mean field) lattice spacing will follow from equation (8) The surface charge density is related to s through a straightforward relation ,
(where e is elementary charge). Differentiating Eq. (9) over the voltage we obtain the differential capacitance
Taking into account Eq. (8) we get a compact expression for the capacitance
Finally, if we want to calculate the 'energy stored in the pore', in an electrode polarized to the potential where we can do so using equation (11) which would have resulted in only if was independent of potential. We will see from the results that for the present model the latter is not the case, so that the full integration in Eq. (11) is necessary to assess this property. Figure 2 shows thus calculated capacitance and the average spin of a narrow cylindrical pore as a function of voltage. The capacitance peaks emerge as we require an electrostatic energy comparable with unbinding two oppositely charged nearest neighbours and then forcing counterions into the pore. The smaller the ions charging the pore the larger the voltages at which the capacitance peaks occur. The capacitance peak is higher when the ions that charge the pore at this point are smaller. These smaller ions have 
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Charge, Capacitance, and the Stored Energy per unit Surface Area of the Pore
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The calculated capacitance (a) and average 'spin' (charge) (b), for systems with a pore diameter of 1.0 nm, cation diameter of 0.9 nm, and anion diameters varying as indicated in the inset; for simplicity we assumed that there are no specific adsorption of cations or anions, and so plotting these curve we put w = 0. µF/cm 2 a higher charge density allowing a greater total charge to be accumulated into a pore of finite length thus increasing the differential capacitance per unit area of the pore.
The plots of stored energy are shown in Fig. 3 . They show notable trends. It is harder to stuff small ions (in our case-anions) in the pore because although their interactions are screened in the pore, they still can come at closer distances to each other, where they Coulomb-repel each other more strongly than would the larger ions (in our case-cations). Thus at small and moderate voltages the smaller ions store less energy than the larger ones of the same series. However, this changes at larger voltages: having prevailed over the resistance of Coulomb forces to store ions in the pore, harder work done is rewarded by higher energy stored (c.f. pressing pressing-the-spring concept of Ref. [20] ).
Curves in both figures were plotted for the case of no preferential adsorption of either kind of ions. If this is not the case, the curves will be shifted by the value of to the right, if cations are preferentially adsorbed ( ), or to the left if anions are 'prefered' by a pore ( ).
Relationships to Macroscopic Observables
We presented results for the charge, capacitance, and the stored energy per unit surface area of the pore. One might be interested also in the corresponding quantities per apparent cross-section area of the electrode. Let us call such surface charge density . Naturally, it will be much larger than .
To assess its value we need first to estimate the full charge in the pore, which will be equal to where is the total length of the pore. Assume that we have pores per cross-section surface area of the electrode. Then where stands for the porosity of the sample:
. Hence , which finally gives us (12) Because indeed σ apparent @ σ for any reasonable porosity. For a nanostructured electrode coincides with the thickness of the porous part of the electrode; for less ordered structure it can be larger by a tortuosity factor.
The same factor should appear in apparent capacitance and stored energy, if those are
expressed through the corresponding values per unit surface area of the pore. Note, however, that capacitance and stored energy are not necessarily presented as apparent quantities, and such rescaling is not generally needed. Quite opposite, often as mentioned in the Introduction, the true internal surface area of the porous electrode accessible to the electrolyte is measured (using different methods, e.g. BET isotherms) [1] [2] [3] 18] . The capacitance and the stored energy are then scaled per that surface area, as in the previous sections.
CONCLUDING REMARKS
The predictions of this model-based analyis are as follows:
• The capacitance of a nanopore is characterised by sharp peaks on the two sides of the potential of zero charge, with low capacitance in between.
• It takes some critical applied voltage to unbind the pairs of cations and anion and start stuffing ions of one sign (counterions) into the pore.
• Dealing with anions smaller than cations, one would expect to see the anodic capacitance peaks to be higher and lying farther from the potential of zero charge, than the cathodic peak (the situation is expected to reverse if the anions are larger than cations). This is because such anions will repel each other more strongly than cations.
• For a similar reason, in a series of cations of different size, the smaller they are the higher the cathodic peaks and the farther they are from the potential of zero charge.
• Charging the pore with smaller ions can help to store more energy at large operation voltages approving pressing-the-spring concept [20] . Since we considered for definiteness anions to be the smaller ions, we can store more energy at large positive operation volt- age. This trend will be reversed if the cations are smaller than the anions. It will thus be interesting to see what the future measurements of the capacitance of such ultranarrow pores, as a function of electrode potential, will show. Note, however, that any pore size distribution will dramatically smear the capacitance peaks. This had been demonstrated in the Ising theory for the case of cations and anions of the same size [8] , but it will not be different in the present more complicated case. Thus, strictly speaking, only the study of ultra-monodisperse pores could be suitable for verification of such predictions. Electrodes of this kind are expected to appear first based on carbon nanotube forests. However, there the screening of interionic interactions may look different. This may or may not affect the qualitative predictions of the presented study.
On a cautionary note: our analysis was confined to the case when essentially only one row of ions can get squeezed into the pore. If the pore is wider, mapping the problem on 1d Ising model will not be possible, and hence no exact solution could be obtained. It is a limitation, but as mentioned in the Introduction such narrow pores are the cutting edge case of special interest.
It might further be interesting to calculate the pressure in the pore, but it would make sense to do that together with account of elasticity of the pore and the study of the voltage induced electrode strain.
While this paper was being prepared, a comprehensive study of cations and anions of a different size together with the competitive adsorption of neutral (solvent additive) molecules have been completed and published by our team [21] . That article is, however, much more complicated than this simple report, and we believe that the latter has its own value as it lays out few simple suggestions for experimentalists working with ultra-pure ionic liquids and heading towards applications of nanostructured electrodes.
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